FILTERED ALGEBRAS AND REPRESENTATIONS
OF LIE ALGEBRAS()
"~ BY .
R. SRIDHARAN

Introduction. There is a general question as to how much can be said
about a filtered object through the knowledge of its associated graded object.
We consider here a particular case of this general problem. We take the
symmetric algebra S(L) of a free K-module L and look for filtered K-algebras
whose associated graded algebras are isomorphic to S(L). Some such algebras
are already known. In fact if g denotes an arbitrary Lie algebra on L, the
“Poincaré-Witt Theorem” asserts that the universal enveloping algebra of g
is one such. It turns out that this gives “almost” a general solution of our
problem. Indeed, the algebras we seek are suitable generalizations of the usual
enveloping algebras and can in fact be defined as universal objects for certain
“generalized representations” of Lie algebras on L. The rest of our results are
on the cohomology of these algebras.

For a Lie algebra g over a commutative ring K and a 2-cocycle f on its
standard complex with values in K, we define in §1 the notion of an f-
representation. The usual representations of g correspond to the case f=0.

We introduce in §2 the filtered K-algebra g; which is a universal model for
f-representations. We deduce the “Poincaré-Witt Theorem” (Theorem 2.6)
for g, as an easy consequence of the usual Poincaré-Witt Theorem, proved
in [1, p. 271]. It is then clear that if g is K-free, there is a graded K-algebra
isomorphism y;: S(g) —E°(gs), where S(g) denotes the symmetric algebra of
the K-module g and E°(g,) the graded algebra associated with g, (Theorem
2.5).

In §3, we define, for a fixed graded K-algebra S, the category whose ob-
jects are pairs (A, ¥a), where A is a filtered K-algebra, ¢a: S—E°(A) an iso-
morphism of graded algebras and whose maps are defined in an obvious man-
ner. If Sis the symmetric algebra of a free K-module L, then there is a 1-1
correspondence between isomorphism classes of such objects and pairs (g, f),
where g is a Lie algebra on L and fE H?*(g, K). For a cocycle f in the class f,
the pair (g, ¥y) is an object in the class corresponding to (g, f) (Theorem 3.1).

The fourth section is devoted to the computations of certain of the usual
homology and cohomology groups of a finite dimensional Lie algebra g. This
amounts to a study of g, for f=0. These computations are used in the next
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section to get the homology and cohomology of g, for any 2-cocycle f. As an
application, we prove (Theorem 5.4) that if g has a free K-base of n-elements,
then w-dimg g;=dimg g;=n (where w-dim and dim denote the “algebra
dimensions” of [1]).

The sixth section treats the case of abelian Lie algebras. The theorem of
this section (Theorem 6.1) gives in particular a cohomological characteriza-
tion of those g; which occur in quantum mechanics.

The appendix contains certain results on filtered modules and algebras.
The first two propositions are probably well known. (They have been included
since no explicit reference could be given.) The last proposition and its proof
are due to Professor S. Eilenberg. ,

With a few exceptions where a change of notation is forced, we follow
those of H. Cartan and S. Eilenberg as used in [1].

I would like to express here my deep indebtedness to Professor Eilenberg
for his generous help, kind advice, and very useful criticism while this paper
was in preparation. I am thankful to Professor K. Chandrasekharan for his
constant encouragement and to the referee for his various helpful suggestions
and improvements.

1. f-representations of a Lie algebra. Let g be a Lie algebra over a com-
mutative ring K (K is assumed to have a unit element denoted by 1). Let f
be a 2-cocycle on the “standard complex” for g [1, p. 279] with values in K.
We know that f: g Xg—K is a K-bilinear map which satisfies

flz,2) =0 for every x € g.

DEeFINITION 1.1. An “f-representation” of g over K is a pair (M, ¢) formed
of a K-module M and a K-linear map ¢: g—Homg(M, M) such that for all
x, yE8,

(1.2) [[6(x), 611 = (=, y]) + f(=, y)in
(where [[e, B]] =aB—Pa and iy is the identity map of M).

PrOPOSITION 1.2. Let f: g Xg§—K be a set theoretic map. If M is a faithful
K-module and ¢: g—Homg(M, M) a K-linear map such that (1.2) holds, then
fEZ¥g, K) (i.e., f is a K-valued 2-cocycle on the standard complex).

(1.1)

Proof. Since M is faithful as a K-module, we know that if k€K is such
that kiy =0, then k=0. In view of this remark, it is enough if we prove

(f(kx + K2, 9) — Bf(x,3) — K&, 9))iu =0, x,9CgktEK.

(f(x, ky + F'y') — kf(x,9) — Kf(x,5))in =0, 1,9, €g,kkCEK.
f(z, x)in = 0, x Cg. -

(f(x, [y, 2]) + f (9, 3, %)) + f(z, [, 5]))in = 0,  x,9,2E .
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The first two equations follow from the K-linearity of ¢ and the K-
bilinearity of the bracket operation in g. The third follows by putting y=x in
(1.2) and noting that [x, x]=0. We now prove the last assertion. (1.2) gives

[[6(x), ¢(ly, 2D1] = (=, [y, 2]]) + f(=, [y, 2])inr.

Applying (1.2) to the left hand side once again we see that it is equal to
[[6(x), [[6(), #(2)]]]]. We thus have

[[6(), [[6(), ¢@]II] = &([x, [y, 21D + f(=, [y, zDine.

We can write two more such equations permuting x, y, z cyclically. Adding
these equations, using the additivity of ¢ and the Jacobi identity, we get
the required assertion.

REMARK 1.3. The above proposition shows that in some cases (for exam-
ple if K is a field) one need not explicitly assume in Definition 1.1 that
fEZ%*(g, K), since it is actually implied by the definition.

Let g be a Lie algebra and let f&Z?%(g, K). Consider the K-module
¢’ =¢DK.z (K.z being the free K-module generated by z) with the Lie
algebra structure given by

[(x, £2), (3, K'2)] = ([, y], f(x, y)2), x,yEgk FEK.

¢’ is in fact the extension of g by K corresponding to the cocycle f. It is clear
that any f-representation of g is an ordinary representation of ¢’ on which 2
operates as the identity.

2. The algebra g;. Let g denote an arbitrary Lie algebra over the com-
mutative ring K and f&Z%(g, K). Let (M, ¢) be an f-representation. Let
T(g) be the tensor algebra of the K-module g. The K-linear map ¢ can be
uniquely extended to a K-algebra-homomorphism ¢: T(g) > Homx (M, M).
The condition (1.2) implies that ¢ vanishes on the two sided ideal U;(g)
generated by the elements

(2.1) 2®y—y®x— [r,9] — f(x,9); x,y€Eg.

Conversely, if ¢: g—Homg(M, M) is any K-linear map such that ¢ vanishes
on Uy(g), it is evident that (M, ¢) is an f-representation.

DerFINITION 2.1. The quotient of T(g) by the two sided ideal U;(g) is
called the “enveloping algebra of type f” and denoted by g;.

Itis clear that there is a 1-1 correspondence between f-representations and
left g;-modules. This shows in particular that for a given fEZ2(g, K) there
always exists an f-representation—for instance g; itself.

REMARK 2.2. As with ordinary representations, we must distinguish be-
tween left and right f-representations. In particular, it should be noted that
Definition 1.1 is more properly that of a left f-representation. We can give a
similar definition of a right f-representation. g_; is a universal model for right
representations.
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Let n,: T(g)—g; denote the factorization map. The restriction of 7, to g
yields a K-linear map 4;: g—g; which satisfies for every x, ¥y € ¢

2.2) [[is(x), 5] = is([=, 3]) + f(x, 9).1.

Let Fp(g;) =ns( 2 isp Ti(8)). Then (F,(g), =0, defines an increasing
filtration of g; by K-submodules. Since F,(gs).Fqo(as) © Fpiolgs), we see g, is
actually a filtered K-algebra. Let E°(g;) denote as usual the graded algebra
associated with g;. Evidently 7, induces a graded algebra homomorphism

(2.3) E%(ny): T(g) — E%gy).
ProrosITION 2.3. E%(g,) s a commutative algebra.

Proof. In view of the fact that 1, 4;(g) are a set of generators for the alge-
bra gy, the proposition is an immediate consequence of the

LeEMMA 2.4. For any sequence @, - - -, a,©g and any permulation ¢ of
Q, - - -, p) we have

i(ar) - - - ip(ap) — i(@r(n) - - - 1(Grm) € Fp(gy).

Proof. It is clearly sufficient to consider the case of a transposition inter-
changing two consecutive indices j, j+1. In this case the relation

[[r(ay), ir(an)]] = is([aj, asna]) + f(aj, a341) .1

gives the required assertion.
Let S(g) denote the symmetric algebra on the K-module g. In view of
Proposition 2.3, (2.3) yields a homomorphism

¥r: S(g) — E%gy)-
It is easy to see that ¥y is an epimorphism.
THEOREM 2.5. If g ts K-free, ¥, is an isomorphism.

In order to prove the above theorem, we need another theorem which we
now state and prove. Let (x.).cr be a K-base for g. We assume that there is
an order relation in I, which makes it a totally ordered set. Let y.=1,(x.). If
J=(a, - - -, ap) is a finite sequence of elements of I, we write y5="%,,, - - -,
Ya, and call p the length of J. We say that J is increasing if ¢, < - - - Sa,.
We set yy=1if J is empty and regard the empty set increasing. The theorem
we intend to prove is the following:

THEOREM 2.6 (POINCARE-WITT). The elements y; corresponding to finite
increasing sequences J form a K-base for g;.

Proof(?). If ¢’ is defined as in §1, the following lemma can be easily
checked.

(%) I am grateful to the referee for pointing out this simple proof.
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LeEMMA 2.7. If g is K-free, the mapping ¢'—T(g) given by (x, kz)—x+k
induces an isomorphism gd /(z—1)=g; ((z—1) being the 2-sided ideal of gJ
generated by z—1).

It is obvious that {(xa, 0) } aer, (0, 2) form a K-basis for ¢'. If we then
take the K-basis of g constructed in the usual manner from these elements
[1, p. 271], it is easy to see that the yj are precisely their images under the
isomorphism given in Lemma 2.7. This proves Theorem 2.6.

CoROLLARY 2.8. If g ©s K-free, i;: §—¢s s a K-monomorphism.

Proof. Theorem 2.6 implies in particular that the elements y, =14(x,) are
K-linearly independent and this proves the corollary.

If J=(u, - -+, ap), We set xy==%xa, - * + %a, in S(g).

Proof of Theorem 2.5. In view of Theorem 2.6, there exists a unique K-
linear map ¢': g;/—S(g) which satisfies for any increasing J, the condition
¥ (y5) =x5. If we assume on S(g) the evident filtration, it is clear that ¢/ is
a mapping of filtered K-modules. There is thus an induced mapping
E°(Y’): E*g;)—S(g). It is clear that E%(Y') is inverse to y;. Hence ¥; is bijec-
tive and therefore an isomorphism.

CoroLLARY 2.9. If K is Noetherian and ¢ is K-free on a finite base, g5 is
(both left and right) Noetherian.

Proof. Under our assumptions it is well known that S(g) is Noetherian.
Using Theorem 2.5 and the known theorem that a filtered algebra is Noether-
ian if its associated graded algebra is so, the corollary is clear.

3. Classification of filtered algebras. In this section, by a filtered K-
algebra, we shall always mean one with an increasing filtration F such that
F;=0 for ¢<0 and Fo=K.

Let S= Y ,.05; be a fixed graded K-algebra. Let us consider the family
of all pairs (A, ¥4), A being a filtered K-algebra and Yx: S—E°(A) a graded
K-algebra isomorphism (where E°(A) denotes as usual the graded K-algebra
associated with the filtered algebra A). A map 0: (A, Y2)—(T, ¥r) is a filtered
K-algebra homomorphism 6: A—T' such that if E°(f): E°(A)—E%T) is the
graded algebra homomorphism induced by 6, the diagram

E*(6)
E°(A) — EY(T)
3.1) lPA\ ¥r
S

is commutative. Composition of maps is defined in the obvious way. The
resulting category is denoted by A4(S).

If 6: (A, ¢2)—(T, ¥r), then E°(H): E°(A)—E(T) is an isomorphism, be-
cause E%(0) =y o ¢;'. Then by Proposition 1 of the appendix, 6 is bijective,
6—! is compatible with the filtrations and 8-!: (I', Yr)—(A, ¢¥a) is a map in
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A(S). Thus every map in A(S) is an isomorphism; i.e. 4(S) is a groupoid.

Now assume that S is commutative. Given (A, Y1) we have [[FiA, FiA]]
CFA. Since E°(A) must be commutative, it follows that [[FiA, FA]]CFiA
so that F1A acquires the structure of a Lie algebra. It is clear that K= F,A
is an ideal of F1A. Thus, the isomorphism S; = FIA/FyA (given by ) induces
a Lie algebra structure on S; which we shall denote by g. The same isomor-
phism yields an exact sequence

(E) O-—-)K—>F1Agg—>0

which is an extension of Lie algebras. Since K is in the centre of FiA, this is
an abelian extension;i.e. an extension corresponding to the trivial representa-
tion of g in K.

Now assume that S, is K-projective. There exists then a K-homomorphism
t: g—F1A such that ¢, o t=identity. We then have the well-known relation

(3.2) [[e@), e = o[, ¥ + (=, 3); %, 3, € 6.

It is known that f is a 2-cocycle on the standard complex of g and that the
cohomology class f of f is independent of the choice of .

Thus, we see that every object (A, ¥a) in 4(S), for S commutative and
Si1 K-projective, determines a pair (g, f) where g is a Lie algebra structure
on S; and fEH?*(g, K). Isomorphic objects in 4(S) determine the same pair.

THEOREM 3.1. Let L be a free K-module and S(L) the symmetric K-algebra
on L. The isomorphism classes of objects in A(S(L)) are then in a 1-1 cor-
respondence with pairs (g, f) where ¢ is a Lie algebra structure on L and f is an
element in H*(g, K). If f is a cocycle in the class f, then (g;, ¥;) is an object in
the isomorphism class determined by (g, f).

Proof. Let g be a Lie algebra structure on L and let f be a cocycle in a
cohomology class fE H?(g, K). Then, by Theorem 2.5, (g, ¥,) is an object in
A(S(L)). Consider the exact sequence

0—>K—>F1(Qf)ﬂ9—>0

where ¢ is induced by ;. The map 4;: g— Fi(gs) is a K-linear section and the
relation (2.2) shows that (gy, ¥y) yields (g, f).

Let (A, ¥a) be another object in 4(S(L)) yielding (g, f). Choose ¢: g—F:A
so that (3.2) is valid for the cocycle f. Let #: T(g) —A be the natural extension
of t. If x, yEg, then,

Thus #(U(g)) = (0), so that f induces a homomorphism
#: gr— A
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of filtered algebras. Further, we have the diagram

Eo(i#
Eqy) —(t—l E*(4)

\1’/’\ VA
S(L)
For x €L, we know that ¢(x) is in the coset ¥a(x) of F;A mod FeA. Thus,
EX(ty(x) = EX(#)if(x) = ¢ala).

Hence the diagram above is commutative. Thus, #: (g;, ¥y)—(A, ¥a) is a map
and therefore an isomorphism.

It follows in particular from Theorem 3.1 that (g, ¥;) and (g, ¥;-) are
isomorphic, if and only if, f and f* are cohomologous. The following proposi-
tion is a more explicit formulation of this result.

ProrosiTiON 3.2. Let g be a K-free Lie algebra and let f, f'©Z%(g, K) be
cohomologous cocycles. The maps 0: (g;, ¥5)—(as, ¥s) are then in 1-1 corre-
spondence with the 1-cochains hE C'(g, K) such that f' —f=238h. The correspond-
ence is defined implicitly by the relation

3.3) 0a(is(x)) = h(x) + ip(x), xCg.

Moreover, if f, f', f"€Z%*g, K) are such that f'—f=0h and f'—f" =06k,
h, B ECY g, K), then Oppp =0y 0 Oy,

Proof. The relation f' —f =6k signifies that
(3~4) f(x’ JI) - f,(xy S’) = h([x: y])

for all x, y&g. It is then easily seen that the K-algebra automorphism of
T(g) which maps x into x+A(x) takes the ideal U;(g) on U (g). There is thus
an induced K-algebra isomorphism g;—g, and it is clear that (3.3) is satisfied
and that it is a map in 4(S(L)). Conversely suppose that 8: (g, ¥7)—(gs, ¥s-)
is any map. For any x&g, we have

0(is(2)) = h(x) + ip:(x)

where k(x) EK. It is clear that k: g—K is well defined. Using the above and
the relation (2.2) for both f and f’, it is evident that (3.4) holds. The other
assertion of the proposition is clear.

CoRrOLLARY 3.3. Let g be a K-free Lie algebra and let fC Z%(g, K). There is an
isomor phism between the group of maps (gr, ¥r)— (g, ¥y) and the group H'(g, K).
The correspondence is defined by the relation

0(is(x)) = h(x) + i;(x)
for 6: (g;, ¥1)— (1, ¥y) and h€ H'(g, K)=Z'(g, K).
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REMARK 3.4. It should be noted that g; and g;» may be isomorphic as
filtered algebras without (g, ¥s) and (gs, ¥;) being isomorphic, i.e. without
f and f’ being cohomologous. This is the case for instance in the following
example. Let g be the abelian Lie algebra over a field K with a K-base con-
sisting of two elements y, z. In this case, it is clear that B%(g, K) =(0) and the
mapping Z%*(g, K)—K given by f—f(y, 2) =kCK is an isomorphism of K-
modules. Thus g, =g, in this case is the algebra on two generators with the
relation [[y, 2]]=kCK. The case k=0 leads to the polynomial algebra in
v, 2. If k#0, then algebras g and g, are isomorphic as filtered algebras. Denot-
ing for the moment the generators of the first algebra by y’, 2’ and the second
by ¥, z, the required isomorphism gx—g; is given by y'—y, g’—kz. This map
clearly preserves filtration, but is not a map in the category A(K[y, z])
unless k=1.

REMARK 3.5. If g is a semi-simple Lie algebra over a field K of character-
istic zero, it is known [2, p. 113, Th. 21.1] that H'(g, K) = H*(g, K) = (0).
An application of Theorem 3.1 shows that for any f&EZ%(g, K), we have
(85, ¥y) = (g0, ¥0). (go is the usual enveloping algebra of g.) Moreover, Corol-
lary 3.3 shows that the only map of (g, ¥;) into itself is the identity.

4. Some homological properties of a Lie algebra. In this section we shall
compute certain of the usual homology and cohomology (K-) modules of a
Lie algebra g with a finite K-base. This amounts to a study of g; for f=0.
These computations will be used in the next section to obtain information
about the homological structure of g, for any f&Z%(g, K).

We begin by recalling the definition of the homology and cohomology of
any Lie algebra g. We know that there is a K-algebra epimorphism,

(41) € g0—>K

defined by setting e(x) = (0) for all x&g. Let I =kernel of e. We regard K as
a left go-module through e. For any right representation 4 of g and a left
representation C of g, the homology and cohomology modules of g with coeffi-
cients respectively in 4 and C are defined, for =0, by

H.(3, A) = Tor, (4,K),

(4'2) n n
H (g, C) = Extg, (K, C).

The modules on the right hand side can be computed using any left go-
projective resolution of K. If g is assumed to be K-free, we can use in particu-
lar the “Standard complex” X = (X, d:), 120, for g, where X,=¢0®x Ei(g),
(E«(g) denoting the sth homogeneous component of the exterior algebra
E(g) on g) and d;: X;—X,_; is the go-homomorphism given by
G1® (- -x)) = 2 (—1)"; @ (% + - &+ - - %)
1sjsé
4.3 )
(4.3) + E (= 1)+ @ ([aj, weacr - - - %5 - - - &+ - - x0).

15j<kss
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From now on, let g denote a Lie algebra with a free K-base %1, - - -, %»
and let [xi, %;]= D 1gksn Ciotr, C5EK. In this case X has length n since
E(g) =(0) for ¢>n. In particular, we deduce that

(4.4) H.(g, A) = H"(g, C) = (0) forr > n.

We propose to compute H,.(g, A) and H»(g, C). For this purpose, we first
simplify the formula for d.. Setw=1Qux: + - - xnandw;=1Q@x; - + - & - * - %y,
1=7¢=mn. Since

k
1®([xi,xj]_xl"'ﬁi"'j:j"'xn)=Zl®cij(xkxl"'£i'":f:j"'xn)
k

= (=1)"'Clw; — (=)™

(:iﬂvﬁ
it follows that
> -1 (EZE A E R PO TR
1si<jsn
= X (0"Chi— X (=D)"Chei= T (=1)Cle.
1si<jsn 1si<jsn L1 '
(4.3) now gives

(4.5) daw) = X2 (—1)‘+‘(x,- - ‘?C?,)wi.

lsisn

The K-linear mapping Ad: g—Homxk(g, g), defined as usual by (Ad x)(y)
=[x, v], evidently satisfies

(4.6) Ad([x, y]) = [[Ad %, Ad y]].
If we define
h:g— K
by h(x) =Trace (Ad x), k is a K-linear map which satisfies h(x;)= >.; CJ,
1=i=n. In view of (4.6), it is also clear that for all x, yEg, &([x, y]) =0 and

hence that % is a 1-cocycle on X. Corollary 3.3 now shows that there exist
K-algebra automorphisms a and B of g such that for all xEg,

.7 a(x) = x + h(x),
B(x) = x — h(x).

Clearly, a~'=8.
(4.5) now takes the form

(4.8) da@) = 25 (=1)"*1B(x:)ws.

1sisn
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Now, Hi(g, 4)=H.(4 ®@geX)=ker(i4 ®qds), where 24 denotes the
identity map of 4. Using this and the formula (4.8) for d,, it follows that

Hag, 4) = {6 ®0wC 4 ® X.|a(x) = 0,1 =i Z n}
= {a ® w]| aB(I) = 0}.
Thus the K-isomorphism 4 @ X, =4 given by ¢ @w—a induces an isomor-
phism
4.9 H,(g, A) =~ annihilator of 8(Z) in 4.
On the other hand, H*(g, C) = H,(Homg,(X,, C)) =Homg,(X., C)/B"(g, C),

where B*(g, C) =im Homg,(da, 7¢)(i¢c denoting the identity map of C). Using
(4.8) we get

B3, ©) = { ¢ € Home (X, O)[g(e) = X ()" ar\()

for some N\&Homyg, (X1, C)} .

It is then clear that the K-isomorphism Hom;,o(X » C) =C given by g—g(w)
induces an isomorphism

(4.10) H(g, C) = C/B(I)C.

Combining (4.4), (4.9) and (4.10), we obtain the following

THEOREM 4.1. Let g be a Lie algebra with a free K-base of n-elements. If A

is any right representation of g and C any left representation of g, we have
H.(g, A) = annihilator of B(I) in A, H,(g, A) = (0) forr > n.
H~(g, C) =~ C/B(I)C, H(g,C) = (0)  forr> n.

We denote by A.(resp. .C), A(resp. C) considered as a go-module through
a. With this notation, the above theorem has the following immediate

COROLLARY 4.2. If g has a free K-base of n-elements, we have
H.(g, As) = annikilator of I in A.
H*(g, «.C) = C/IC.

5. Homology and cohomology of g;. We begin this section by recalling
briefly the definition of homology and cohomology of associative algebras.

Let A be a K-algebra and 4 any two sided A-module. 4 can then be con-
sidered as a left (or right) A ® x A*=A°-module, by setting (u ®@v*)a=puav
(or a(u®v*) =vau); u, vEA, aSA4. A itself being a two sided A-module, it is
thus a left A*-module with operators (u @»*)A=pAr. In particular, taking
A=1, we obtain a mapping

(5.1) p:Ac—> A
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given by p(u ®v*) =uv. Clearly p is an epimorphism of left A>-modules. The
nth homology and cohomology groups of A with coefficientsin 4 are defined by

5.2 Ha(A, A) = Tora (4, A)(dxe, wh).
’ H(A, A) = Extye (A, A)(aeA, p4).

We define as usual the “weak” and the cohomological dimensions of A
denoted respectively by w-dimg A and dimg-A, as follows:

w-dimg-A =largest integer #, if it exists, for which there exists a two sided
A-module 4 with H.(A, 4)(0),

= o, if no such integer exists.

dimg-A =largest integer #, if it exists, for which there exists a two sided
A-module 4 with H*(A, 4)#(0),

= oo, if no such integer exists.
Let now g be a Lie algebra over K. We set A;=¢}=¢,®x gf and let J

denote the kernel of the map p: A;—g; of (5.1).
The map D: g—A;, defined for xEg by

(5.3) D(x) = is(x) @ 1 — 1 @ (is(x))*,

is evidently K-linear and hence can be extended to a K-algebra-homomor-
phism D: T(g)—A,. If x, yEg we have

Dx®y—y®x— [25]) = (=) ® 1 — 1 ® is(%)*)(i1(3) ® 1 — 1 ® ir(3)*)
= (5(y) ® 1 = 1@ i(5)*) (i(x) ® 1 — 1 ® ig(x)*)
= ([, 9]) ® 1 = 1 ® i([x, 5])*)
= ([[i:=), W] = ir[=, y]) ® 1
= 18 ([[is(®), 4] = ir([=, y])*
=f(x,5) ®1—-18 f(z, ).
= 0.
Hence D induces a K-algebra homomorphism
D: go— Ay.

If 4 is any two sided g;-module, we denote by p4 (or Ap), 4 considered as a
left (or right) go-module.

Lemma 5.1. A,D(I) =J.

Proof. By [1, p. 168, Proposition 3.1], J is the left ideal generated by the
elements ¥ ®1—1Q@u* for uE&g;. In view of the relation

w1l —-—1Qw)*=w1)@rE®1 -1 M+ (1MNH®1—1Q uY,
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valid for u, vEgy, we find that J is the left ideal of A; generated by the ele-
ments 4(x) ®1 —1 ®1,(x)*=D(x). Since the elements x &g generate I in g,
the required assertion is clear.

ProposITION 5.2. If g s K-free, (As)p s a free go-module.

Proof. Since gy and g/ are filtered algebras, there is a natural filtration on
A; = ¢; ®x aff. Proposition 7 of the appendix gives an isomorphism
E%g,) ®x E°(g/) =E°(A;). Combining this with the evident identification
EY%(g/) = E%g,), we get an isomorphism

E°gy) ® E%(gs) = E°(A)).

In what follows, we regard the above isomorphism as an identification. It is
clear that D: go—A, preserves filtration. Thus, there is an induced graded
algebra homomorphism

E'(D): E*(go) — E°(gs) ® E'(gy).

By Proposition 2 of the appendix, it suffices to show that (E%(g;) @ E°(g)) %)
is E%go)-free in the graded sense. Now Theorem 2.5 shows that the maps
Yo: S(g)—E%go) and y;: S(g)—E(g,) are isomorphisms. Since the diagram

F
S(g) —— S(g) ® S(g)
W ppy  W®W
E'(go) — E°(g) ® E%(gy),

where F(x)=x®1—1Q®x, is clearly commutative, it suffices to show that
(S(g) ®S(g)) r is S(g)-free. Consider now the automorphism vy of S(g) ® S(g)
given by y(x®1)=xQ1, y(1®x)=x®1—1Q®x. Then, yF(x)=1Qx. It is
enough to show that (S(g) ® S(g)),r is S(g)-free. This is however clear, since,
if {tp} is a K-base for S(g), then {t;®1} is an S(g)-base for (S(g) ® S(g))r.

PROPOSITION 5.3. Let g be K-free. Then, if X is a left go-projective resolution

of K, (Ap)p ®aoX is a left As-projective resolution of a;. Moreover, for any two
stded g;-module A and any n=0, we have the isomorphisms,

Hn(gfy A) = Hn(g, AD):
H"(gj, A) o Hn(g, DA)‘

Proof. Since X is go-projective and A, is As-projective, it follows that
(Ay)p ®g, X is As-projective. Also, for 1>0, H;((As)p ®g, X) =Tor?((Af)p, K)
= (0), since, by Proposition 5.2, (As)p is go-free. Thus (As)p @4, X is a As-
projective resolution of (A;)p ®q, K. To finish the first part of the proposi-

tion we need only show that there is a left Aj-isomorphism (A;)p ®g4, K =¢;.
To do this, consider the exact sequence of go-modules given by

0->I—->g—K->0.
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Tensoring both (A;)p we get the exact sequence

]
(A)p ®g I — A;— (Af)p @y K — 0.

The image of 5 is A;D(I) which by Lemma 5.1 is the same as J. Thus

(A9)p ®g, K =As/J =gy

Consider now the natural isomorphisms

A Qu (A))p By X = Ap ®g, X,
HomA/((Af)D Qg X, 4) = Homg, (X, p4).

Passing to homology we get the rest of the assertions of the proposition.

From now on, we assume that g has a finite K-base. Let %: g—K be de-
fined as in the previous section by k(x) =Tr(Ad x). It is clear, using Corol-
lary 3.3, that there exists a K-algebra automorphism oy of g; which satisfies
for every xEg ’

as(ig(x)) = i7(x) + h(x).

Let a;=0a;®1: A;—Ay, ¢ denoting the identity map of g/. It is clear that the
following diagram is commutative.

THEOREM 5.4. If g is K-free with a base consisting of n-elements, then
w dimg dr = dimg ar = n.

Proof. Combining Proposition 5.3 and Theorem 4.1, we see that for any
two sided g;-module 4, we have

H.(g;, A) = H"(gs, 4) = (0) for r > n.
On the other hand, by Proposition 5.3,

Hn(gfy Aa—/) = Hn(gy AE/ oD)
= n(gy Ap, u)-

Since Ap o «a=(AD)a, it follows from Theorem 4.1 that H,(g, 4p o o) is the
annihilator of I in Ap. This is the set of all elements of 4 annihilated by
D(x) =1;(x) ®1 —1Q1,(x)*; i.e. the set of all aEA with Aa=a\ for ACg;.
Taking 4 =g,, we find H.(g;, (¢/)a,) =centre of g, (0).

6. The abelian case. The main objective of this section is to prove the
following
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THEOREM 6.1. Let g be a nonzero abelian Lie algebra over a field K and let
fEZ%* g, K). Then the following conditions are equivalent.

() Hi(gy, 85) =(0) for all :>0.

(i) H'(gy, 87) =(0).

(iii) For each N\&Homk(g, ;) such that

(6.1) [z, Ax]] = Iy, A@)]] for all %, y € g,

there exists an element No& gy such that

(6.2) [[x, Xo]] = A(®) for all x € g.
(iv) K is of characteristic zero, § is of finite even dimension over K and there

exists a K-base of ¢ denoted by y1, 21, * * * , Yn, 2a Such that

(6.3) (s, 33) = (35, 2) = 0; f(yi, 2) = 8 Lij=1-,n

Proof. In stating condition (iii) we identified each element x&g with the
element 4;x Eg; and thus regarded g as a subspace of g;. The notation [[e, 8]]
is used as usual for the commutator o8 —Ba. From the general rule

o0+ Bl = 2 81 [la, 8] - - - B,

1gign

we deduce for x, y1 « - - y.Eg

(6.4) ([, 91 - - 3]l = Z f, 931+ -9 yny
1gisn

where §; indicates that y; is omitted. In particular, for x, yEg, 720,
(6.5) [[x, 5711 = nf(x, y)y=.

Clearly, (i)=(ii).
(ii) & (iii). By Proposition 5.3,

HY(gy, ¢7) =~ H'(g, ().

Since for xEg, tEg; we have D(x)t=[[x, ¢]], condition (6.1) states that
\: g—4g; is a derivation of g in p(g,), while (6.2) expresses that \ is an inner
derivation. Thus (iii) is equivalent to H(g;, g;) = (0).

(iii))=(@v). Let & Homx(g, K). With the natural imbedding of K in g,
we regard ¢ as a K-homomorphism g—¢;. Moreover, condition (6.1) is
trivially satisfied. Thus, there exists Ao&g; with [[x, No]] =@(x) for all xEg.
We shall show that Ay may be chosen in g. To this end, choose a K-base
{x,,} of g indexed by a totally ordered set I. Then, by Theorem 2.6, Ao can
be written uniquely as

Mo =k 4 2 kata + 2 kyas,
a J
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where J are increasing and of length at least two. Let y= > k.x, and
v= Zk,rx.r. Then

$(x) = [[z, No]] = [[x, 5]] + [[x, 7]].

Since ¢(x) €K and [[x, ¥]]=f(x, y) EK it follows that [[x, ¥]]EK. How-
ever, by (6.4) [[x,v]]is a K-linear combination of x;., where J’ are increasing
of length at least one. Thus [[x, ¥]] =0. Consequently,

¢(2) = [[z, 5]] = 7(x, ) forallx € g.
This implies that the K-linear map
¢s: ¢ — Homg (g, K)

given by ¢,(x)(y) =f(y, x) is an epimorphism. This rules out the possibility
of g having an infinite base. Since g and Homg(g, K) have equal dimension,
it is clear then that ¢ is an isomorphism and that f is nondegenerate. It then
follows from a well-known result on nondegenerate skew-symmetric forms
[4, p. 395] that g has even dimension over K and that it hasa base y1, 21, - - -,
Yn, 2, such that (6.3) is valid.

Suppose now that K is of characteristic 0. Define A&€Homk(g, g/)
setting N(y1) =27"" and setting A as zero on the remaining basis elements
21, Y2, * * *, ¥n» 2n. Then [[x, N(9)]]=0 for all x, yEg, so that (6.1) holds.
There exists then N\o&g,; with [[x, No]]=A(x) for all x&g. In particular,
[[31, No]]=2"". By Theorem 2.6, we may write \, uniquely as

No= 2, vz,

720

where each ¢;; is a linear combination of increasing monomials in y,, 25, - - -,
Y, 2. Then, by (6.4) and (6.5),

& = [[ys, No]] = ijiz’;-lt,.,-,

because [[y, £:;]]=0. Since 28" occurs on the right-hand side with coefficient
zero, we obtain a contradiction.

(iv)=(i). We first consider the case n=1. Then g is an abelian Lie algebra
with a base ¥, 2z such that f(», z) =1 and g, is the algebra with two generators
9, 2 with the relation [[y, z]]=1.

To prove that H(g;, ;) =(0), it suffices to show that (iii) holds. Let then
AEHomk(g, g;) with

A0) = 2 apy'd, M) = X by aij, bij € K.
1,720 £,i20

By (6.5),
[ A@]] = 2 ibayis, [z, M0)]] = — X dsuya.
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Thus, condition (6.1) becomes
—(1 + l)ai+l.j = (] + l)bii+l’ 1’j z 0.
Define

Moo= 2 (a0i/(G + D)zt — X (bii/ (i + 1)y*izl,

Then, direct computation yields [[y, No]]=A(3) and [[2, No]] =\(2). Thus,
(iii) holds and H'(gy, ¢;) = (0).

By Proposition 5.3 and Theorem 4.1, we have H*(g;, g;) =g,/C where C is
the K-submodule of g; generated by [[x, t]], xEg, tEgq; Since ¥z;
=[[y, y2*1/(j+1)]], it follows that C=g; and thus H2(g,, g;) = (0). Since
Hi(gy, g7) =(0) for :>2 by Theorem 5.4, it follows that Hé(g,, g;) = (0) for :>0.

Having disposed of the case n=1, let #>1. Let A be the subalgebra of g,
generated by 1, 2z, and T' the subalgebra generated by s, 23, - * +, ¥a, 2a.
Then g; may be identified with the tensor product A®x I'. Since A and T are
K-projective, the V-product of [1, p. 216] applies here to yield a homomor-
phism

Vi X Hx(A, A) ® HY(T, T) — H(g, 8).
ptg=m
Since A and T are both Noetherian (Corollary 2.9), V is an isomorphism by
[1, p. 209, Theorem 3.1]. Since we have already shown that H?(A, A) = (0)
for p>0, we obtain

H™(gy, o5) = H(A, A) @ H™(T, ).

The desired conclusion now follows by induction on #.

REMARK 6.2, The above theorem implies in particular that for an abelian
Lie algebra g over a field K and fEZ%(g, K), H'(g;, ¢s) = (0) if and only if K
is of characteristic zero and g; =~ ®. A, where A is the K-algebra on two gen-
erators y, z with the relation [[y, 2]] =1. If K is the field of complex numbers,
A plays a fundamental role in quantum mechanics [3].

APPENDIX: FILTERED ALGEBRAS AND MODULES

We include here the proofs of some results on filtered modules and alge-
bras, which have been utilized in the preceding sections.

Let K be a commutative ring with unit element. An increasingly filtered
K-module A is a K-module A and a sequence {F.4 }.cz of K-submodules
FaA of A such that for all #n, Fud S Fn14 and Unez Fod = A. For the purpose
of this appendix we shall also assume that F,4 =(0) for » <0 and we shall
refer to A briefly as a filtered K-module. We set for convenience F,4 =A4. Let
E%A4) be the graded K-module whose nth component E(4) is FnA/Fn._14.
We call E°(A) the gradedK-module associated with the filtered K-module A.

Let A and B be two filtered K-modules. A map f: A—B is called a homo-
morphism of filtered modules if it is a K-linear map such that f(F,4) CF,B
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for all p&Z. It is clear that such a map induces a mapping E°(f): E°(4)
—E%B) of graded modules.

A filtered K-algebra A is a K-algebra in the usual sense which is also a
filtered K-module such that for all p, ¢ we have F,A- FAC Fy A, It is clear
that if A is a filtered K-algebra, E°(A) acquires the structure of a graded K-
algebra.

Let A be a filtered K-algebra. A filtered right (or left) A-module is a right
(or left) A-module in the usual sense which is also a filtered K-module such
that for all p, ¢ we have Fpd -FACFy A (or FA-FLACF, A). If Aisa
filtered A-module, it is clear that E°(4) is a graded E°(A)-module.

ProPosITION 1. Let A and B be filtered K-modules and 0: A—B a homo-

morphism of filtered modules. If E°6): E°(A)—E%B) is an isomorphism, then
0 is an isomorphism.

Proof. Let 0,: F,A—F,B denote the K-linear map induced by 6. Clearly
6, is an isomorphism. We assume therefore by induction that 6, is an iso-
morphism. From the commutativity of the diagram
0—— Fp1d —— F,A Ep(4) — 0
01 L6, E0)]
0—— F,_1B F,B E,(B) 0

and the fact that 6,; and E}(f) are isomorphisms, it is easily seen that 6,
is also an isomorphism. Since p is arbitrary, the assertion of the proposition
is clear.

ProPOSITION 2. Let A be a filtered right module over o filtered K-algebra A.
If E%(A) is E°(A)-free in the graded sense, then A is A-free. In fact, if (bp.a),
by EEJ(A), p =0 denotes a homogeneous base of E°(A) and if a,,q are arbitrary
liftings of bp.a to FpA, then (ap.4) form a A-base for A.

Proof. For any filtered A-module B and any nonzero bEB, we set v(b)
=the least integer such that 6E F, 3 B. We denote by b the element repre-
sented by b in F,4yB/F,@)-1B. Clearly b0 implies 50.

We first prove that the (¢,,.) generate 4 as a right A-module. Let a €A.
If =0, it is trivially a linear combination of the a,,.. Let then a0 and set
v(a) =p. Clearly we have,

a= Z bi.ati.a, e S EO(A)~
R

Let N\j.« €A be such that t;,.=1X;,.. We then have
a= Z @j,aMj.a mod Fp_1 A,

It is now evident, using induction on p, that the (a,,.) generate 4. We prove
now that they are A-linearly independent. Suppose in fact
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Z Gj.ahja = 0,

such that all the A;,, occurring in the sum on the left-hand side are nonzero.
We then get

> biahje = 0.

Since the (b,..) are E°(A)-linearly independent, we get X;.=0, a contradic-
tion.

In what follows, for any filtered module 4, we set 4,=F,A4 for con-
venience.

LeMMA 3. If a filtered K-module A is such that E°(A) is K-flat, then for any
b, q (including p= ) Ap/A, is K-flat.

Proof. Let us assume by induction that 4,/4,is K-flat for r <p. Consider
the exact sequence

0= Ap1/Adg— Ay Ay — Eo(4) = 0.

By assumption EJ(4) is K-flat and by induction 4,1/4, is K-flat. It is now
clear that 4,/4,is K-flat. Since 4/4, is the direct-limit of 4,/4,, the case
p= = follows.

From now on, 4 will always denote a filtered K-module such that E°(4)
is K-flat. Let B be an arbitrary filtered K-module. We set C,,,=4, ®x B,.
Since, by Lemma 3, A/A4,is K-flat, the map Cp,q—Cx,q defined in the obvious
way is a monomorphism. Since 4 is K-flat, the map C,,;—Cx,» is also a
monomorphism. We thus have a K-monomorphism C,,;—Cy.o=4 @& B and
in what follows we shall regard this as an identification of C,  with a K-sub-
module of Cop, .

LeEMMA 4. Cp’.q’mcp".q" = Lmin(p’,p’’),min(q’,q'")-

Proof. We may assume p’ <p’’ and ¢’ >¢’’ for this is the only nontrivial
case to be considered. Consider the following commutative diagram of exact
sequences.

0 0 0
! 1 l

0— A, Q®xBy» — Ay, Q@®xBy — Ay Q®xBy/Byr —0
! i !

0— A, ®gByr — Ap Qxk By — Ay @gBy/Byr —0
! ! 1

0— Ay/Ay ®x Byr — Ap'/Apy @k By — Ap1/Ay @k By/Byr —0
! 1 l

0 0 0
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Chasing the above diagram in the obvious way we get
(4p ®x By) N\ (Ay» ®x By') = Ay ®k By,
which is the required assertion.
LEMMA 5. Co,d (X i Crm;in,) = Comin(g.max n;)-

Proof. Let max n;=mn. It is clear that the right-hand side is contained in
the left-hand side. On the other hand, the left-hand side is clearly contained
in Co,d\Co,n=Comin(e.n) by Lemma 4.

LEMMA 6.
(*) ( Z Cm-cs) N ( E Crm.‘) = Z Cmin(m’-r;).min(q;,:,%
(281 =1

Proof. We assume without loss of generality that

0§p}<"'<?n; ql>"'>Qn_Z.O'
0=r<: <1y s1> - >5, 20,
91=_>-_51‘

Since all the modules in question are submodules of 4 ® x B,,, we may assume
B=B,,. Let f: A—>A/A, be the factorization map and let f=f®i: 4 ®x B,
—A/A¢Q@k By, where 1: Bg,—B,, is the identity map. Let C=the left-hand
side of (*) and D =right-hand side. Obviously DCC. Clearly it is enough to
prove
1) (Kerf) N C = (Ker f) N D.
@ J(C) = J(D).
Ker f=A40®x By, = Co,q. Using Lemma 5, we see that
CogyMC = Couy = CoqyM D.

Hence (1) is proved. We now prove (2). Since Ker f= Co,q,C D Cp,.qp it is
clear that

7(C) = .7( Z Cm.as) f\f(z Cris)

= (E?(Cm.ac)) N (E.?(Cn'-u))-
Also,
(D) = Z](Cmin(p.',fj).min(cs-‘j))-

By Lemma 3, A=A4/A, is K-flat. We make 4 into a filtered K-module by

setting A,=Ap41/A40. Let Cp =4,k B, Thus f(Cp,q) =Cp_1,e. Using the
above, the condition (2) reads.

(Z Epe—l.q;) N (E Erc—l.u) = Z -C—min(pe—l.r;—l).min(qe-q)-
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But this is precisely the assertion of the lemma for 4 with all the p; and 7,
decreased by 1. An obvious induction now finishes the proof.

Let A be a filtered K-module such that E°(4) is K-flat. Let B be an
arbitrary filtered K-module. If we set (A ®k B),= D _piqmr Cp.q it is clear
that (4 @k B), defines a K-filtration of 4 @k B.

We make the bigraded K-module E°(4) ® k E%(B) into a singly graded
module by setting as usual

0 0 0 0
(E(4) ®x E(B)): = 2. Ex(4) ®x E((B).
pHqe=r
We have for each p, ¢ the exact sequences
0 Ay — 4, = Ey(4) -0,
0— By — B, — E(B) >0,
and hence an exact sequence

0

a »
Cpo—1+ Cp1,4— Cr.q_'!’ E,(4) ®x E:(B) — 0.
Let

ipq: Ep(4) ®k Ey(B) = Epyo(4 @ B)

be the unique map which makes the diagram

Qp,g 0 0
Cpo1+ Cprg— Cpa —— E,(4) ®xk E(B) =0

! ! p Lo
0
E Cij— E Ci,j'iq) E, (A ®g B)—>0
i+j=p+g—1 i+j=ptq

(where B,4 is the factorization map and the unnamed maps are the various
inclusions), commutative. We thus have for each integer r, the map

i (E(4) ®k E (B)), — E/(A ®x B).

PROPOSITION 7. Let A be a filtered K-module such that E*(A) is K-flat. If
we make A @k B into a filtered K-module by setting

(A ®xB),= ), 4,®xB,

PHg=r
then the mapping
i: E(4) ®x E%(B) — E%(4 ®x B)
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is an isomorphism of graded K-modules. If A and B are filtered K-algebras,
the above map is an isomorphism of graded K-algebras.

Proof. To prove the first assertion of the proposition, we need only show
that the map 1, is an isomorphism for each 7. If y= 2 1¢mr Bt o(t.0) £ 2.0 Cora
denotes an arbitrary element of E2(4 ® x B), then the element x= Y _atp.q(tp.q)
€ (E°(4) ®k E*(B)), is such that ,(x) =y. Hence 4, is an epimorphism. On
the other hand, suppose that =D p1er @p.o(tp.q), £p.aE Cp.q is such that

i(x) = E Botallp.a) = Br(z tpg) = 0.

pta=r
Then

Z tre € Ker g, = Z Ci;.

1+ j=r—1
Thus, for any p, ¢ with p+¢g=r, we have
e © 2 Ciit+ 2 Ci

t#p,i+j=r +j=r—1

Thus, we have

tpg © Cpa M ( E Cij+ Z Ci,:‘) = Cyg-1+ Cp1,0s
i%p,it+j=r 1+ j=r—1
the equality being a consequence of Lemma 6. Thus, a,,4(¢p.q) =0 and hence
x=0. 1, is therefore a monomorphism. Hence 4, is an isomorphism.
The second assertion of the proposition is clear.
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